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Abstract 


The aim of this communication is to study with a new scope the conditions of the equilibrium 
in an air transport market where two competitive airliner, are opera ting Each airline is 
supposed to adopt a strategy maximizing its profit while its estimation of the demand has a 
fuzzy nature. This leads each company to optimize a program of its proposed services 
(frequency of the flights and ticket prices) characterized by some fuzzy parameters. The case 
of monopoly is being taken as a benchmark. Classical convex optimization can be used to 
solve this decision problem. This approach provides the ai rline with a new decision tool 
where uncertainty can be taken into account explicitly. The confrontation of the strategies of 
the companies, in the case of duopoly, leads to the definition of a fuzzy equilibrium. 

This concept of fuzzy equilibrium is more general and can be applied to several other 
domains. The formulation of the optimization problem and the methodological consideration 
adopted for its resolution are presented in their general theoretical aspect 
In the case of air transportation, where the conditions of management of operations are 
critical, this approach should offer to the manager elements needed to the consolidation of its 
decisions depending on the circumstances (ordinary, exceptional events,..) and to be prepared 
to face all possibilities. 


Keywords: air transportation, competition equilibrium, convex optimization , fuzzy 
modeling. 


I. INTRODUCTION 


The study of the competition between operators in a transportation market has been done in 
several situations and under multiple hypotheses, the approach here treats this problem in the 
case where the estimation of demand is fuzzy. 

The decision making and the choice of the strategies of an operator either when he is 
monopolistic or when there is a competition with other operators), need an estimation of his 
share of the market. This estimation of the demand is in general obtained through econometric 
regressions based on historic data and through statistical methods. In such a case, a crisp 
function depending on the explicative variables is obtained. Some authors[l] have recently 
proposed to use fiizzy modeling techniques to represent the uncertainty related with the 
demand. In this paper, the operators supply decision making process under a fuzzy estimation 
of demand is investigated and a fuzzy equilibrium situation is considered. 

But before the study of the competition, and in the section II, the case of monopoly has been 
treated in both crisp and fuzzy estimation of demand function. 


n. Monopoly: choice of price and supply 


Let consider first a transport market where only one operator is acting. This operator has to 
choose the level of its supply Q and its price p, in order to maximize its profit n. The market 
is characterized by a demand function D(p) and the operations cost which is supposed to be a 
function of the level of operator’s supply Q and is denoted C(Q). The satisfied demand is 
given by: min{D(p), Q} and the profit is equal to: n = p.min Here the demand 

is supposed independent of the supply level and is assumed to depend only on the price. 

When an estimation D(p) of the demand function is available, the program of the operator is: 


Maximize 

p,Q 


p - min C (g% 


In this part, two cases are treated: first, the classical case, in which demand is considered as a 
crisp perfectly known function, is recalled. Then the analysis of the case of a fuzzy 
estimation of the demand function is developed 


A. Demand as a crisp function 

It is assumed, in this first part, thatZ)(p) is a crisp function and that the cost function is also 
exactly known by the operator. 

The illustration of the displayed concepts will be achieved in the linear case (linear demand 
and cost functions). 


Illustration: 

For simplicity, these demand and cost functions are assumed to be linear: 

D( P )= D, - X.p , for 0</? nto <p< Pmm <Z) 0 /A, 

where D 0 ,h p mm and p max are strictly positive parameters. 

And C(0 = c 0 +c.Q for o < Q < , 

where c, Co and CW are strictly positive parameters, Co is the fixed cost, c is a constant 
marginal cost and Qmax is the supply capacity of the operator. It is supposed in this study that 
the lower and upper bounds of p and Q are never reached. The program of the company is: 
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Maximize /7.min A — 

Two cases are considered, depending on the nature of the satisfied demand: 

1) r case: D(p)<Q 

In this case, the demand is considered to be not limited by die level of supply but by the price 
level and the profit of the operator is given by: n{p,Q ) = pD(p)—C(Q), for a given price p. 

re decreases when Q increases (for a given p) so the couple (p,Q) achieving die maximum 
profit for this case takes place when Q is exactly equal to D(p). The problem reduces here to: 

J Max pJXfi) - C(D(p)) 

] such that D(p)<Q 

V 

The resolution of such a program is more or less hard de pending on the respective 
expressions of the demand and cost functions. 

Application to the linear case: 

In this case, optimality is obtained from the first and second order Lagrange conditions. 

The first order Lagrange 's condition : dit / 8p=Q 

Leads to a unique solution: p* = c / 2 + D 0 ! 2A 

and since the second order condition 

d 2 n /dp 2 = -2A <0 

is always satisfied, this value of price p* is optimal for this program. 

The corresponding level of supply is equal to: 

2*=(A>-^)/2 

Observe that this equality supposes that d u > i c ■ The optimal profit can then be written as: 

x* = ((D 0 -Ac)/2f/X^ o (I) 


x.j 4 case: uipt 

In this case, the satisfied demand is limited by the level of supply and the program of the 
company becomes: 



Max p.Q-C(Q) 

P.Q 




Application to the linear case: here the assumption D(p) > Q , implies an upper limit for p: 
~ 0/^- When p increases and Q stays unchanged, the profit increases so the optimal 
value for p is equal to its maximum allowed value that is to say: p* = (D 0 - 0/A . 

Then the profit can be expressed as a Junction of Q, only; and it can be maximized with 
respect to the level of supply. The optimality conditions lead to the same expression for the 
expected profit as in the first case as expressed in (1). 


B. Fuzzy estimation of demand: 

In this subsection, the estimation of the demand adopted by the company is considered as 
fuzzy. For a given price, £>(/?) is for simplicity assumed to be represented by a trapezoidal 
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fuzzy number. Figure: fig.l sketches such a function by showing for the interval p Jj £ 

“level curves” of 5( P ) : d 2 and n, are the curves for which the degree of membership 
becomes equal to 1, Z), and d a are the curves for which the grade of membership starts from 
zero (see figl ’). For consistency reasons, these four functions are supposed not to intersect on 
the domain p M p m „ . 



For every price p in the allowed domain, the membership function p p D of the demand d, 
represented by fig. 2. is defined as follows: 


d-D x (p) 

D 1 (p)-D l (p) 

1 

d j^DdP) 

Di (p)~D A (p) 
0 


if D^p)<d <D 2 (p) 

if D 2 (p) <d <D i (p) 
if D 3 (p) < d < D 4 (p) 

if d<D^p) or d > D A (p) 


The fuzziness of demand propagates to the profit of the operator and when this latter chooses 
the couple (p,Q), he should get a fuzzy estimation of his profit n . 

Let J P ’ Q be the fuzzy estimation of the satisfied demand corresponding to (p,Q): 
s p ' Q =min(5(p),g) ; the membership function of s p - Q is denoted p p ' Q , this membership function 
is deduced from the one of 5 ( P ) : 

H P ’ Q (s) = Pi (s) if s < Q , 

Ms’ Q = max n P D {d)\ 

azy d>Q J 

and p p ’ Q (s) = 0 if s> Q 
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Di<p) 


Di(p> 


1)4 (P) 


D:<P> 


HfJ : Tn 


Then the fuzzy estimation of the profit of file company corresponding to the couple (p,Q) is 
given by: 

n(p,Q) = P J p ^ -C(Q) 


And the membership function 


P p ’ Q (Jt) of n{p, Q ) is obtained from the one of s as follows: 

rt’ e (n) = tf' Q [(n+Cm/p] 


To every feasible couple (p,Q), corresponds a fuzzy set representative of the distribution of 
the estimate of the corresponding profit. To solve its decision problem, the company has to 
choose a couple (p, Q). It is not possible to compare directly fuzzy numbers, however, since 
demand is expected to be represented by a convex fuzzy set, it will be the case also for the 
profit and different possibilities appear to rank convex fuzzy sets: ranking according to the 
barycenter of the fuzzy set, or by more sophisticated methods as in [3] . In a simpler 

consideration, and when the fuzzy numbers are normalized, which is the case here (in fact, 
here for every (p,Q), there exists at least a n such as P p ’ Q (n) = 1 ( n/jr^x) =1 *4>) (as shown 


1 1 1 n rrpw 


i flTTTV TlIITTi 


membership is eaual to 1 


wvvoiUiii^ iU LiiC Dell jr Ccutc! ul LUC VcliUCS WXIUSC 


In ibis case, ihe calcination of the expected profit imposes the consideration of five different 
profit subsets configurations: depending on the shape of the membership function of ? as it is 
sketched by the five figures 3. 

• 1 st case: q>d a ( P )\{ a trapeze, fig.3a) 

• 2 nd case: x>, ( P ) < q < d, ( P ) ; (a pentagon, fig.3b) 

• 3 case: d 2 (p)sq so, (/>),( rectangular trapeze, fig.3c) 

• 4 th case: D^p) < q < d 2 ( P ) ; (a union ofa triangle with a vertical segment, fig.3d) 

• 5 th case: q<d 2 (p) , (a vertical segment, fig.3e). 

The expected profit is here taken as the barycenter of the fuzzy base of n. 

Let ?r,(p,Q) be the surrogate value adopted to rank the expected profits. Once a couple 
(p*,Q*) such as: 


*,</»*, 0 *> = Max ir e (p,Q) 

F .0 


has been found, a fuzzy estimation of the best expected profit is given by the membership 
function p p ’’ Q '(n) . 

An alternate approach, a conservative one, could be, instead of trying to maximize the profit, 
to minimiz e the possible loss, according to fig.4. It is possible to assign too, to each couple 
(p, Q), a measure of this risk. 
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Application to the linear case: for simplicity, these four functions are assumed to be linear: 
D( P ) = D j0 - p , is l,2,4r** Pmm^P^Pnnx (Seeflg. 5) 
here d i0 and A, are positive parameters. and (Z) i0 / A , ), SjS4 are taken 

as increasing sequences (these functions do not intersect on P )■ 


D(p> 



linear case 


HI. Competition under duopoly 

Here, it is supposed that two companies are operating on the same market. Each company i 
(ie{l, 2 }), attracts a demand Dj depending on the prices pi and P2 of both companies and 
produces a supply level denoted Qi which costs to it Q(Qj). These operators are supposed not 
to co-operate but to compete playing a Cournot game. The ‘Cournot’ equilibrium of a such 
game is studied in this section. The case of crisp demand functions of the two operators is 
revisited in a first part and then the case of fuzzy estimation of the demands is treated in the 
second part 

Every firm i (i e {l, 2 })will suppose that the parameters pj*; and Qj*j are known, and will 
choose its price p, and supply level Qi that ma ximiz e its profit 7t, depending on these values. 

When an estimation of the demand function D i (p { ,p 2 ) is given, the program of the 
company i is then 

{ max P( • m in D - C“(£g 

Pj^i and Qj*i are taken as known. 

the case of crisp demand functions of the two operators is revisited in a first part and then the 
case of fuzzy estimation of the demands is treated in the second part. 

A. Demand as a crisp function: 

It is assumed in this first part that D ] (p i ,p 2 ) and D 2 (p l ,p 2 )are crisp functions and the cost 
functions C](Qj) and C2(Q2) are exactly known by the operators 
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Application: demand and cost as linear junctions: 

Here again, the demand and cost junctions of both companies are assumed to be linear: 

D l (p i ,Pj) = D i 0 -X i .p i +u i p j , .for 0 i e 1,2 

where D, 0 , A*, pj p'^ and p[ are strictly positive parameters fori g 1,2 . 

CM) = c i0 +cM for 0<Q t < Q w , /e U • 

where c u cw and Q'^ are strictly positive parameters, c i0 is the fixed cost, c, is a constant 
marginal cost for the firm i and Q' mx is its supply capacity. It is supposed here that the lower 
and upper bounds of p, and Q t are never reached. The program of the ith company (i € 1,2 j 
becomes: 

{ Maximize p r min -X i .p i ,Q i -c,~3?£, 

PnQi 

where (pj. ,Q,) is the solution of the program of the other company 
Two cases are considered, depending on the nature of the satisfied demand by firm i: 


I st case: Difaj, pj)<Qi 

In this case, the demand is considered to be not limited by the level of supply but by the price 
level. The profit of the company i is given by: 

((A , 00 i Pj)=P, A (Pi , Pj* ) - C, (Q,) . 

Tii decreases when Q, increases (for a given p,) so the couple (p„ Qj) achieving the maximum 
profit for this case takes place when Q, is exactly equal to D;(pi, pj). 

The problem reduces here to: 

f ““ P,A(P,*P,*i )-C, (Djp, . p,., )) 

| p is as given 

v ' ' 


2 nd case: Difai , pj^>Qi 

In this case, the satisfied demand is limited by die level of supply and the program of the 
company becomes: 

Maxpi-Qi-C^Qi) 

P, *Qi 

* D i (p i ,pj)tQ i 
„ is as given 

In both cases, the resolution of die associated program and the study of the existence of an 
equilibrium are more or less difficult, depending on the respective expressions of the demand 
and cost functions. The relationship between p t and p ; could be studied for different levels 

of market share ( MS, = £>, /(Z) + Dj ) )(respectively for different levels of profit n t ). 
Isomarketshare(resp. isoprofit) curves could be dressed. 
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Application to the linear case: 

As it has been shown in the first section, when the functions are linear, both cases lead to the 
same solution: 

Pi* ~ Ci / 2 + (Di 0 + n t pj)i 2A, 

Q,* = ( D io + M l Pj-^iC i )/2 

for i, j e 1,2 ,-f^E 

The ith optimal profit can then be written as: 

n i * = ((Ao + PtPj ~ V, ) /2 > 2 1 X i ~ c i o (l ) 

In conclusion, the ith optimal program is such as: 

/>,* = (c,- +D i0 IX, +{Pi /X,) P j)/2 , Q* = (D ig + u iP j - A,c,)/2 

where j e 1,2 rfBBf 

It corresponds to a Cournot equilibrium which is also here a Nash equilibrium. 

P t = (,C\ + Ao / cind p^ = {c 2 +D 20 / X 7 )p i )/2 


Pi 



Fig6’ : static stability of the 
equilibrium 


MS t = Dfip i ,p j )l(Dfp i ,p j ) + D j (p i ,p j )) 

= ( Ao " A . -A + ViPj ) 7 (Ao + Ao “ A « - A + “ X j ‘Pi + PiPj ) 

=> -Aj)-V,)Pj =(MS,(p J -X,)-f ) Pi + Ao -M5,(A 0 + Ao) 

ni = p i D.(p i ,p j )-C(Q i ) 

=> w, = (Pi -c,)(D l 0 -X lPl +p i p j )-c i0 

=> for p t *C n pj = (A, pf + ( Ao ~ V, )Pi + ^ + c i0 + C, Ao ) / Pi (P, ~ c i). far a given level of profit 
n i . The figure below sketches the isoprofit cruves giving relationship between p2 and pi. 
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B. fuzzy Demand functions 

In this subsection, the estimation of the demand adopted by each company is considered as 
fuzzy. For a given couple of prices (Px,p 2 ), D i (p l9 p 2 )is assumed to be represented by a 
trapezoidal fuzzy number. On the domain 5 some “level mappings” of 

D i (p u p 1 ) can be pointed out: 


n b nnrf D c nrp thp znr far* 


‘hp A; 


* A U.W.. 1 ^ 

- m tuvxuuwj.ouiu \j i >i uwo %xj 


Df and D? are the surfaces where the omds of TTt pm hf^ T^h i p rtf gt nfr»«4<; r 7&TQ 
For coherency, these sets cannot intersect. 


Application: to the linear case: 

Here the level mappings are such as: 

D-ip^Pj ) =D*~X* Pl + lX iPj , (i, j * i) € 1.2 \ k e a, b^_ 

(Pi,Pj)e p MpL xjJBIm 

here D? , A} and p* (<A*) are positive parameters. ($)k<=ajbr3£ ^ / A *)*s aj^S. are taken 

as increasing sequences so that these Junctions do not intersect, it is also assumed that for 
every k e a,b?c the rate A.* / p* is a constant equal to a real a t (>1). The firm i will take the 

price and the supply level of the firm J as known and it will face a program analogous to the 
one treated in the example given in the case of monopoly. And it is the same for the firm j. 
Does this situation have an equilibrium? 

A first approach of this problem consists to fuzzify solutions found in the crisp case(seefig. 7) : 

p\ = (Ci + Z) |0 / X, + ( £, / X, )p 2 ) / 2 , p 2 ={c 1 + D 2 ji 2 HpJX M ll 

Q\ = (A> + P\Pi ~ V, ) / 2 , Q\ = (D t + p 2 />, - k 2 c 2 )! 2 
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with D i0 , A f and fi, are fuzzy parameters (as described here £>/ and A* are positive 
parameters. (D)) ki and (D- / A* ) ke a .b^S. are ta ^ en as increasing sequences) 



Sl + . 2L S. + "L i + _* 

2 2 AJ 2 2AJ 2 2^ 


> P; 


Fig? 


Another approach is to consider the problem as in the first part of the paper (case of 
monopoly) where a fuzzy profit is considered. Through defuzzyfication (for example as a 
barycenter depending on the shape of the membership function of the satisfied demand,..) one 
expected profit can be obtained for each firm i associated with the pairs ( p . , q ) and 

( P , > Q j )> **. 3 : n * ( p , , Q , , p , , , , Q j, i ) - It can be then maximized with respect 

to Pi,Q i , an optimized profit will be obtained : n ■ ( p J:ti , Q , ) and the 
couple( p \ ( p Jti , Q ,), Q / ( p j*,,Q ,*, )) realizes this maximum and then the firm 
will expect a fuzzy profit tt , ( p- ( p Q J9i ) , Q * ( p jti ,Q Jti )) ■ 

An eventual equilibrium could be defined by the confrontation of these expressions of 
solutions: 

f ip i ( P 2 > Q 2 ) > Q i ( p 2 ’ Q 2)) 

\{p\iPi>Qi)*Ql( p 1 . Q 1 ) ) 

In this approach the values of the prices and the levels of supplies are defined in a crisp way 
and to them are associated fuzzy profits as in the case of monopoly. But in the first approach, 
for every couple of prices correspond two degrees of membership and then for each company 
a fuzzy profit is associated . 


IV. CONCLUSION 

A new approach of the resolution of the decision problem of firms has been introduced. 
Several domains can use it especially airlines to choose their frequency and ticket prices. The 
main advantage of this ‘fuzzy’ approach is to let the firm be prepared to all possible events 
and to take into account the optimistic as the pessimistic attitudes when estimating the 
expected demand addressed to the firm. 
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